Abstract: The choice of gauge in numerical relativity is crucial in avoiding coordinate and curvature singularities. In addition, the gauge can affect the well-posedness of the system. In this work, we consider the mean gauges, established with respect to the geometric mean metric h :" g`g´1f˘1 {2 in bimetric relativity. We consider three gauge conditions widely used in numerical relativity, and compute them with respect to the geometric mean: The 1+log gauge condition and the maximal slicing for the lapse function of h, and the Γ-driver gauge condition for the shift vector of h. In addition, in the bimetric covariant BSSN formalism, there are other arbitrary choices to be made before evolving the system. We show that it is possible to make them by using the geometric mean metric, which is determined dynamically by the system, rather than using an arbitrary external metric, as in general relativity. These choices represent opportunities to recast the system in a well-posed form.
Introduction and background
The Hassan-Rosen bimetric theory, or bimetric relativity (BR) [1] [2] [3] [4] is a theory of two nonlinearly interacting metrics g and f defined on the same differentiable manifold. It is desirable to obtain solutions describing realistic systems within this theory, e.g., spherical gravitational collapse of matter, or gravitational waves emitted by interesting physical systems. This would lead to a direct comparison with the observational data and would make it possible to falsify or support the theory. In order to solve for solutions describing realistic physical systems, it is necessary to recast the bimetric field equations (BFE) in a form suitable for numerical integration. In this respect, following the roadmap outlined by numerical relativity, the standard N`1 decomposition of the BFE governing the dynamics of the two metrics was established in [5] , and the covariant BSSN (cBSSN) formulation [6] of the bimetric decomposition was presented in [7] . However, the bimetric cBSSN formulation together with the standard gauge [8, 9] relative to one of the metrics, was not proven to be strongly hyperbolic under the same assumptions as in general relativity (GR). This is due to the fact that the lapse functions of the metrics are dependent [4, 10] . For instance, their ratio W is a rather complicated function of the dynamical fields and their spatial derivatives, and presently its explicit form is known only in spherical symmetry [11] . The hyperbolic structure of the system is altered with respect to GR (even after a first-order reduction) by the spatial derivatives of W , which contain the spatial derivatives of the dynamical fields.
Therefore, it is fundamental to study other gauge choices in BR, which could potentially lead to a well-posed formulation of the bimetric cBSSN formulation. In this respect, one novel feature of BR with respect to GR is the presence of the geometric mean sector. The geometric mean metric h of g and f is defined as [3, 12] ,
" g S,
(1.1)
where S :"`g´1f˘1 {2 is the principal square root of the p1, 1q tensor field g´1f [3] and appears in the interaction potential between the metrics. The lapse function H and the shift vector q of h are related to those of g and f , hence we can gauge fix H and q, and after this choice the lapses and shifts of g and f will also be determined [5] .
In this paper, we study several gauge conditions with respect to the geometric mean metric h, the "mean gauges". This uncharted territory is explored for three main reasons:
1. To get insights about how to recast the cBSSN equations in a well-posed form, by choosing a suitable gauge condition.
2. To understand if it is possible to impose a gauge condition which is singularity avoiding for both g and f . Since h is their geometric mean, and its null-cone is always contained in the convex hull of the null-cones of g and f [3] , the hope is that imposing a singularity avoiding condition on h also avoids singularities in g and f .
3. To find new gauges, specific to bimetric relativity, which may lead to stable long-term numerical simulations, as outlined in [13] for general relativity.
Hence, this study is motivated both theoretically and numerically. Indeed, since the computation of W is a source of several numerical errors, the BFE are plagued by more sources of instability compared with the Einstein field equations (EFE); therefore, well-posedness is a fundamental requirement. There are also some hints suggesting the possibility to find a singularity avoiding gauge for both metric simultaneously. For example, Proposition 1 in [14] establishes that det pSq " 0 at a point in spacetime induces a curvature singularity in one of the two metrics g and f , if the other is regular at that point. This result suggests that, when one of the three metrics g, f , h has a curvature singularity at a point in spacetime, one of the other two metrics should share it. Supporting this conjecture, an exact solution showing a curvature singularity in f and h, but not in g, can be found in [15] . In addition, in [16] it is pointed out that, since the metrics are defined on the same differentiable manifold, they must be compatible with its topology, which is fixed by the choice of an atlas. Since the presence of a singularity usually changes the topology of the manifold, and the metrics must be compatible with the same topology, the hint is again that the metrics should share the singularity (which, however, does not need to be of the same nature for all the metrics). However, as we point out in the paper, finding a singularity avoiding gauge for both metrics is nontrivial. For example, imposing maximal slicing simultaneously for both of the metrics results in a system of two partial differential equations for one of the lapse functions, and one has to prove that a solution to this system exists. This motivates further the study of the mean gauges.
In this paper, we compute the standard gauge and the maximal slicing with respect to h, and discuss some of their features. We do not study how these gauges affect the hyperbolicity of the system, which is an open problem whose solution is beyond the scope of this work. The reason relies on the fact that the explicit expression for W , shown in [11] in the standard 3`1 formulation and in the ancillary files of [7] in the cBSSN formulation, is not easy to deal with. The study of the hyperbolicity of the system involves the first and second spatial derivatives of W , hence it is left for future work. In addition, as a natural continuation of the work done in [7] , we discuss the possibility to use the geometric mean sector as the background sector for the conformal spatial metrics s γ, p ϕ, and to use it to fix the evolution of the determinant of the conformal metrics in the bimetric cBSSN formalism. These are novel opportunities in BR with respect to GR, to recast the system in a well-posed form. A brief review on the background geometries in cBSSN is given in subsection 1.2.
Structure of the paper. In subsection 1.1 we provide more details about gauge fixing in BR, and in subsection 1.2 we introduce the concept of background geometries in the cBSSN formalism. We establish the dynamics of the spatial part of the geometric mean in section 2. We present the mean standard gauge and the mean maximal slicing in section 3, and discuss the usage of the geometric mean in the cBSSN formalism in section 4. Finally, we state our conclusions in section 5. The appendices contain the notation and technical details.
Notation. We follow the same notation as in [7] , described in Appendix A.
Gauge fixing in bimetric relativity
In the N`1 decomposition of BR, the mean lapse function H and the mean shift vector q of h are related to those of g and f by [5] ,
Here, α and β are the lapse function and shift vector of g, whereas r α and r β are the lapse function and shift vector of f , p is a Lorentz spatial vector called "separation parameter" since it parameterizes the difference between the shifts, and λ :" p1`p T δpq 1{2 , with δ being the spatial part of the Minkowski metric in the Lorentz frame (i.e., the threedimensional Euclidean metric). Also, e and m are the spatial vielbeins of the spatial parts γ, ϕ of the metrics g, f . The lapses and shifts altogether are called the "gauge variables". We have the freedom to gauge fix one of the three lapse functions and one of the three shift vectors thanks to diffeomorphism invariance. After this gauge fixing, since p and W in (1.2) are determined by the dynamical fields, the other gauge variables will also be fixed, as it was already mentioned in [5, 11? ] . At this point it is helpful to introduce some terminology. We say that we "choose a gauge condition with respect to a metric", to mean that the slicing of spacetime is done with respect to that metric. For example, imposing the maximal slicing with respect to h means that we impose the gauge condition
where the accent # means that the quantity refers to the geometric mean sector (see Appendix A). We can solve (1.3) for either one of H, r α, α. Therefore, the same gauge choice with respect to a metric, can be solved for any gauge variable. We say that we "gauge fix" the variable which we solve the gauge condition for. Different gauge fixings that refer to the same gauge condition are equivalent geometrically, but not analytically since the equations for different gauge variables are different. Hence, the well-posedness of the system may be affected not only by the geometric gauge condition, but also by the choice of the gauge fixed variable.
The background geometries in the covariant BSSN formalism
The cBSSN formulation of the EFE [6] introduces the background connection s Γ B i jk [17] , needed to make one of the dynamical variables, namely the conformal connection s Λ i , a vector under spatial coordinate transformations not involving the time coordinate. In GR this background connection can, but need not, be the Levi-Civita connection of a background metric. In [6] , the background connection is restricted to not depend on time, since it is arbitrary and it is not constrained by any physically motivated evolution equation.
In [7] , the possibility of relaxing the restriction of time-independence of the background connection in BR is mentioned. Indeed, in BR we can set the conformal spatial partχ of the geometric mean h to be the background metric defining the background connection for both of the conformal metrics s γ and p ϕ. The dynamics of the conformal spatial partχ of h can be computed in terms of the dynamics of s γ, p ϕ and the separation parameter p. This allows us to relax the assumption of time-independence for the background geometry. Furthermore, settingχ as the background metric removes the need to specify a somewhat unphysical external metric. Indeed, the conformal mean metricχ is determined by the dynamics itself and using it is a very natural choice.
The dynamics of the geometric mean
In this section, we establish the evolution equation for the spatial part χ of the geometric mean metric h, and the relation between the extrinsic curvatures of the spatial metrics γ, ϕ, χ. These results are needed to compute the mean gauges in section 3.
The evolution equation for χ
In this subsection, we compute the evolution equation for the spatial part χ of the geometric mean h. The geometric mean does not satisfy the same field equations as g and f and it is not a dynamical variable. Hence, we need to express its derivative in terms of those of the dynamical variables.
The spatial part of the geometric mean is equal to [18] ,
where e, m o are two freely specifiable vielbeins of the spatial parts γ, ϕ of g, f and only contain the metric fields, Λ s is the spatial part of a Lorentz boost, and R is a Euclidean spatial rotation. The two transformations Λ s and R in the Lorentz frame are not freely specifiable, since they are determined by:
1. The requirement χ " χ T which, together with (1.2b), is equivalent to the requirement that a real square root S :"`g´1f˘1 {2 exists [18] . This fixes R in terms of Λ s (see Appendix B.3); note that both of Λ s and R contain three degrees of freedom each, and the requirement χ " χ T fixes the degrees of freedom of R in terms of those of Λ s , contained in the spatial Lorentz vector p, the separation parameter in (1.2b).
2. The equations of motion. In [4? , 5] , the three degrees of freedom in p are determined by solving one of the momentum constraints of the two metrics for p. If we knew B t p in terms of the dynamical variables, we could evolve p numerically without the need to solve the chosen momentum constraint at each time step. At present, we know p in spherical symmetry [5, 11? ] and in the most general β p1q -model [4, 19] . 1 Consider the differential operator
, where # ν " H´1p1,´qq is the spacetime vector normal to the spacelike hypersurface with respect to χ, and H # ν is the normal evolution vector field [20] with respect to h. Let's apply B # to χ in (2.1),
The time derivatives of the tetrads B t e T and B t m o are determined by the equation [21, 22] ,
where A, B, C are Lorentz indices running from 0 to 3, µ, ν are spacetime indices, the parentheses r s denote antisymmetrization of the indices they enclose,`E A˘ν is a 4-dimensional tetrad, and W A BC are the Ricci rotation coefficients, or connection coefficients, of the tetrad. To get the time derivative of the spatial part of`E A˘ν , it is enough to set µ " 0 in (2.3), which implies that ν is spatial, and A " a, with a Lorentz index running from 1 to 3. This results in (see Appendix B.1 for details),
4)
1 The real number β p1q is one of the five free real parameters of the theory [].
i.e., we need to consider only the time derivative of the components of the tetrads' matrices. The latter are given in terms of the metric functions of γ and ϕ, and therefore the time derivative of the tetrads can be computed using the evolution equation for the spatial metrics. In addition, the Lie derivative of a tetrad is the Lie derivative of a covector [23] ,
(2.5)
As shown in Appendix B.2, this formula implies that the Lie derivative of a Lorentz tensor along a spacetime vector X is equal to the directional derivative of its components along X. Hence, the Lie derivative sees Lorentz tensors as sets of scalars, and this is used below. The time derivative of R can be expressed in terms of the derivatives of Λ s and e, m o , but the computation is quite technical and is relegated to Appendix B.3. Next, we consider the term B # Λ s in (2.2), which can be rewritten in terms of B # p by computing B # λ first, 6) and plugging it into B # Λ s , which results in (see Appendix B.3),
The problem reduces to the computation of B # p, which is,
As already discussed in [5, 11? ] , the time derivative of the separation parameter p is not known explicitly in the general case. We do know it in the spherically symmetric case, though, hence in this case we can compute the time derivatives of Λ s , R and χ. The equations in spherical symmetry are presented in Appendix B.5, and were computed using the Mathematica package bimEX [24] . We have computed the derivative of χ along its normal evolution vector field H # ν " t´q. This is the evolution equation necessary to compute the dynamics of the geometric mean sector and the mean gauges.
The relation between the extrinsic curvatures
In order to be able to compute the mean gauges, we also need an explicit expression for # K, the trace of the extrinsic curvature of χ. This is computed by noting that the determinant of χ is, 2
Let's now apply any derivative operator B to (2.9). 3 We get (see Appendix B.4),
The determinant of R is just 1. Note that R is a proper rotation due to our choice of the principal branch of pg´1f q 1{2 . 3 By "any" derivative operator, we mean that the computation makes use of the Leibniz rule only.
If we set B " B # , the expression becomes,
where we used B # logp
following from the definition of the extrinsic curvature. Now consider the expressions on the left-hand side of (2.11). Making use of (1.2b), the two terms therein can be rewritten as,
The Lie derivatives of the determinants, which are scalar densities of weight 2, are,
Hence, (2.11) becomes a relation between the traces of the extrinsic curvatures K, r K,
We want to isolate the mean lapse H in (2.14), so we use (1.2a) to replace the lapses α and r α for H,
The substitution of (2.15) into (2.14) yields,
In addition it holds, 17) since the evolution equation for p, even though is not known in general, must have a similar differential structure to (A.8) in [5] , i.e., to the evolution equation for the bimetric current j b . Now we define the following functions of the dynamical fields not depending on H,
18a)
The explicit expressions for M and N i in spherical symmetry are given in Appendix B.5.
Since [25] , 20) the equation (2.16) is also a relation between the normal observers of g, f , h, i.e., the observers having 4-velocity equal to the vectors ν, r ν, # ν normal to the spacelike hypersurface with respect to g, f , h.
The mean gauges
In this section we compute the standard gauge and the maximal slicing with respect to the geometric mean metric h " g`g´1f˘1 {2 . We choose to gauge fix the mean lapse function H and the mean shift vector q. The computations make use of the results in section 2.
The mean standard gauge
The standard gauge in the cBSSN formulation of the EFE is [6] ,
consisting in the 1+ log gauge condition for the lapse [8] and the Γ-driver gauge condition for the shift [9] . In (3.1), B is an auxiliary variable, s D B is the covariant derivative defined by the background connection, s Λ is the conformal connection, and η is a free real constant. We want to impose the standard gauge with respect to h and gauge fix H, q. This means that we need to compute all the terms in the following equations,
jk¯, whereΛ i ,Γ i jk are the conformal connection and the Christoffel symbol forχ, andΓ B i jk is the background connection for the mean sector, which is freely specifiable. We may choose one of the connections of s γ or p ϕ, or a (local) affine combination of them,
as the background connection for the mean sector, since we know their evolution. 4 Choosing σpxq " 1{2 gives the mean connection and is symmetric in s γ and p ϕ. Following the computation outlined in [6] , the evolution equation for the Christoffel symbol of the conformal metric s γ is found to be,
and analogously for B t p Γ i jk in the f -sector. Hence, there is no need to choose an external connection in BR, since we have several metrics whose dynamics is known. Now, we compute (3.2a) by substituting (2.19) in it,
Alternatively, we could also use the definition of 6) and then use the evolution equation (2.2) for χ. In this case, one should isolate the terms involving H and its spatial derivatives in the evolution equation for χ. At this point, we have computed the 1+ log gauge condition with respect to h, which we call "mean 1+ log" gauge condition.
We now turn our attention to the "mean Γ-driver" gauge condition. We need to compute B tΛ i in terms of what we know, i.e., the evolution equation for the conformal mean metricχ. The derivative ofΛ i along the normal evolution vector of h reads,
implying,
In (3.8), the derivative of the inverse mean conformal metric is B #χ ij "´χ ikχj B #χk , and B #χk is the rewriting of (2.2) in the cBSSN formalism, according to the conformal decomposition established in [7] . The derivative of the Christoffel symbol ofχ is given by,
following from the formula for the Lie derivative of the Christoffel symbol [27, p. 291] . The latter also allows us how to deal with the derivative of the background connection,
In (3.10), the time derivative is arbitrarily chosen. At this point, we know everything in (3.2) and we can impose the standard gauge with respect to h.
The mean maximal slicing
In this section we compute the gauge condition to impose the maximal slicing with respect to h in the standard 3`1 formalism,
We use the expression for
This is already a boundary value problem for H, contrary to the analog case in GR. We can always choose the initial data to satisfy (3.12). We take the time derivative of (2.19), 13) and impose B t # K " 0. We use (3.12) to rewrite the last term in (3.13),
This is the gauge condition for the mean maximal slicing that determines the lapse of h. Note that, contrary to GR, this is not a boundary value problem. In addition, it is not a pure evolution equation in H, due to the presence of the term N i B t B i H with mixed timespatial derivatives. Therefore, we need to rewrite (3.14) in a way suitable for the numerical integration. It holds,
We insert (3.15) in (3.14) to get,
At this point, we define the two auxiliary variables, 17) and rewrite (3.16) as,
This is an evolution equation for ζ, constrained by a boundary value problem for its time derivative ξ. To solve it, first one solves (3.12) to get the initial value for ζ such that
We stress that the mean maximal slicing needs to be studied in more detail, since it is the first gauge condition in BR which can hopefully be singularity avoiding for both metrics. Indeed, since the null-cones of h lie inside the convex hull of the null-cones of g and f [3] , the slicing made with respect to h is always "in the middle" of those made with respect to g and f . Moreover, it is not clear how to impose the maximal slicing simultaneously with respect to g and f . This would lead us to impose simultaneously, 19b) each one being the usual maximal slicing condition in GR, one per metric sector. However, in BR the two lapses are not independent, α " W r α, hence one has to substitute one lapse for the other in one of the equations in (3.19) . As a consequence, we get a system of two partial differential equations for one unknown function. The study of the consistency of this system is left for future work. One possible way to start studying the system may be the use of the Cartan-Kuranishi prolongation algorithm [28] (see also [29, 30] ), to complete the system (3.19) to involutive form.
The geometric mean in the covariant BSSN formalism
In the cBSSN formulation of the EFE, one has the freedom to freely specify two things: the evolution of the determinant of the conformal metric and the background connection. In this section, we discuss the possibility to make these choices using the geometric mean metric h in the bimetric cBSSN formulation. We stress that these choices may affect the hyperbolicity of the system in BR. Since the bimetric cBSSN together with the standard gauge with respect to g or f is not proven to be well-posed, the possible choices described in this section represent opportunities to manipulate the hyperbolic structure to achieve well-posedness.
The conservation laws for the determinants
In the cBSSN formulation of the EFE, the evolution of the determinant s ∆ of the conformal metric and the trace of the conformal extrinsic curvature s A are not fixed but freely specifiable. In this subsection, we focus on the evolution of the determinant. Following [6, 31, 32] , we call "Lagrangian" the case where the determinant is constant for an observer having 4-velocity u µ " t µ " p1, 0, 0, 0q, and "Eulerian" the case where it is constant for an observer having 4-velocity u µ " α ν µ "`1,´β i˘, where ν is the vector normal to the spacelike hypersurface with respect to g. In formulas,
In BR, since we have two metrics, we need to specify two conservation laws for the determinants. Here we show that there is a relation between the conservation laws associated to the conformal metrics s γ, p ϕ andχ. An analog relation to (2.9) also holds for the determinant of the conformal metrics in the cBSSN formalism (see Appendix B.4),
to which we apply a derivative operator B and get,
This tells us that, once we make the free choices about the evolution of two of the three determinants s ∆, p ∆,∆, the evolution of the third one is completely specified by the evolution equation of the separation parameter p a , which is determined by the dynamics.
For definiteness, let's consider time derivatives. As our first choice, for example, we can set B t∆ " 0, which implies,
We can now use the second free choice that we have, to fix one more of these derivatives. We can choose B t s ∆ "´s ∆ pp a B t p a q λ´2, which implies,
Therefore we have a natural choice, symmetric in the g and f sectors, i.e., choosing the same evolution equation for the determinants of the conformal metrics. This is determined by the time evolution of p, which is another reason why it would be desirable to be able to compute explicitly p or B t p in the most general case. We call this choice the "symmetric mean Lagrangian conservation law", since it is the Lagrangian conservation law for the determinant of the mean conformal metricχ, and it is symmetric in the g and f sectors. We can also define the "symmetric mean Eulerian conservation law" by imposing B #∆ " 0. This implies,
which can be rewritten as,
We can make our second choice by setting the evolution of s ∆ to be,
which implies again B t p ∆ " B t s ∆. The derivative B # p a is given in (2.8). Note that B t p in spherical symmetry contains the spatial derivatives of the dynamical fields. Since, in the most general case, B t p must have a similar differential structure to (A.8) in [5] , it should always contain the spatial derivatives of the dynamical fields. Hence, different evolution equations for the determinants s ∆ and p ∆ may affect the hyperbolicity of the system. The presence of the geometric mean sector provides more natural choices for the evolution equations of the determinants with respect to GR, and these choices can be seen as opportunities to recast the system in a well-posed form.
The geometric mean as the background metric
The evolution equation for the conformal connection in the cBSSN formalism is [6? ],
with,
Since the background connection is arbitrary, the term B t s Γ B i jk is set to zero in [6] . In BR, though, we can set the background connections toΓ i jk , whose derivative along the normal evolution vector of g is, 12) again following from the formula for the Lie derivative of the Christoffel symbol. Hence, everything is known in (4.11) and the evolution equation (4.9) withΓ i jk as the background connection can be integrated in time. An analog computation holds in the f -sector.
Choosingχ as the background metric for s γ and p ϕ, removes the necessity to introduce an arbitrary external metric to make the conformal connection a vector under spatial coordinate transformation not involving the time coordinate. We remark that this also affects the hyperbolicity of the system, because the evolution equation forχ is given in terms of the evolution equations of s γ, p ϕ and p. There exists the possibility to choose simultaneouslyχ as the background metric for s γ and p ϕ, and the mean standard gauge. In that case, one of the connections of s γ or p ϕ, or an affine combination of them, can be chosen as the background connection forχ. The evolution equations for the connections of s γ and p ϕ are given by (3.4) and the analog equation for the f -sector. In this case, the system would be completely determined in terms of dynamical quantities only, without the need to introduce external geometries. How much this can be beneficial when one moves to the numerical integration, is an open question and the subject of ongoing work.
Conclusions and outlook
The main result of this paper is the computation of two gauge choices in bimetric relativity, with respect to the geometric mean h :" g # f " g pg´1f q 1{2 " g S, which we call "mean gauges". We computed the standard gauge and the maximal slicing, which are widely used in numerical relativity, with respect to h. A priori, it was not obvious that this could be done, since the geometric mean is not a dynamical variable and does not satisfy the bimetric field equations. Therefore, the first step in our work consisted in computing the evolution equation for the spatial part χ of h and the expression for the trace # K of its extrinsic curvature in terms of the dynamical variables. This allowed us to compute the mean gauges and gauge fix the mean lapse function H and the mean shift vector q. Since the gauge variables are related by (1.2), this fixes the lapses and shifts of g and f as well.
The possibility to impose a gauge condition on h is important for at least two main reasons. First, we do not yet have a well-posed formulation of the 3`1 bimetric field equations, hence exploring different gauges which affect the hyperbolic structure is fundamental; this is the motivation to establish the mean standard gauge, whose effect on the hyperbolic structure is left for future work. Second, we would like to find a gauge which is singularity avoiding for both metrics; this is the motivation to determine the mean maximal slicing, since it is not clear if one can impose the maximal slicing with respect to g and f simultaneously. Being the geometric mean of g and f , the hope is that imposing a singularity avoiding gauge on h will also be singularity avoiding for g and f .
The maximal slicing with respect to h results in a constrained evolution equation for the logarithm of the mean lapse function H. The equation is such that one cannot readily state if imposing the maximal slicing on h, which is singularity avoiding for h, is also singularity avoiding for g and f , since the traces of the extrinsic curvatures of g and f are not constrained to be zero. This means that we cannot exclude that the observers normal with respect to g and f , i.e., the observers having 4-velocities equal to the vectors normal to the spacelike hypersurface with respect to g and f , will follow focusing geodesics when a singularity is forming.
The mean standard gauge yields evolution equations for the mean lapse function H and the mean shift vector q. In general relativity, the standard gauge is used together with the (covariant) BSSN formulation because the complete system is strongly hyperbolic [6, 33, 34] . In bimetric relativity, we cannot yet state that choosing the standard gauge with respect to g or f implies strong hyperbolicity [7] . The mean standard gauge affects the hyperbolicity of the system, and is therefore an opportunity to recast it in a well-posed form. Also, this gauge choice gives us the freedom to choose an arbitrary background connection for the geometric mean sector. This choice can be used to alter the hyperbolicity. The study of the various possibilities is left for future work.
In the last part of the paper, we showed how the geometric mean can be used to change the hyperbolic structure of the system by using it as the background metric for the conformal metrics s γ and p ϕ in the covariant BSSN formalism. This is the natural continuation of the work made in [7] . On the same line, we also showed that the various conservation laws for the determinants of the conformal metrics that one has the freedom to impose in the covariant BSSN formalism, are related in bimetric relativity. If we choose the evolution equations for the determinants of two of the three conformal metrics s γ, p ϕ,χ, the evolution equation for the third one is determined by the evolution equation for the separation parameter p. This equation also contains the spatial derivatives of the dynamical fields, and therefore the choice of the conservation laws in bimetric relativity is another opportunity to recast the system in a well-posed form.
The mean gauges and the choices regarding the conservation laws for the determinants of the metrics and the background connections in the bimetric covariant BSSN formalism need to be studied more in two respects:
1. The study of the hyperbolicity for all the possible combinations of these choices (e.g., the mean standard gauge with the mean metric being the background metric for s γ and p ϕ, and the mean Lagrangian conservation law) must be studied theoretically, as well as the singularity avoidance of the mean maximal slicing with respect to g, f .
2. The numerical advantages of these choices have to be tested. This is connected to the previous point about well-posedness, but it has a separate value, since a different form of the equations can introduce different sources of numerical errors.
A Notation
In this paper we consider three metric sectors, the Lorentz frame and their BSSN formulation. The notation referring to each of these sectors is, Γ , no accent : object refers to the g-sector, r Γ , tilde : object refers to the f -sector, # Γ , hash : object refers to the h-sector, Γ , boldface : object refers to the Lorentz frame.
s Γ , overbar : object refers to the g-sector in BSSN, p Γ , wide hat : object refers to the f -sector in BSSN, Γ , circle : object refers to the h-sector in BSSN, Γ , boldface, asterisk : object refers to the Lorentz frame in BSSN.
Tensors are written both with and without indices, e.g., the metric f or f µν . Greek indices run from 0 to 3; latin indices run from 1 to 3; uppercase boldface indices are Lorentz indices from 0 to 3; lowercase boldface indices are spatial Lorentz indices from 1 to 3.
B Explicit computations and equations

B.1 The time derivative of the tetrads
In this appendix we clarify how to obtain (2.4) from (2.3). To compute W A BC in (2.3), we note that the Cauchy adapted frames and coframes [22] for g and f are [5] ,
and the 4-dimensional tetrads of g and f can be written as [5] ,
We write (B.2) collectively as,
such that the connection coefficients for the tetrads are, 4) and analogously for the f -sector. The connection coefficients for the Cauchy frame ω g σ ρα can be found in [22] . Hence, by using (B.4), one can expand (2.3) to get (2.4). The computation in the f -sector is analog.
B.2 The Lie derivatives of Lorentz tensors
Consider the tetrad-i.e., the Lorentz coframe-pE a q µ in which the metric g µν can be written as
Its Lie derivative along a vector field X µ is given by [23] , 6) i.e., the Lie derivative of a covector. The Lorentz index is a label indicating which of the 1-forms in the Lorentz coframe we are considering. Therefore, the Lie derivative is blind to the index a.
The formula (B.6) allows us to compute the Lie derivatives of Lorentz tensors in a straightforward way. We consider only a Lorentz vector here, but the method can be generalized to Lorentz tensors of any rank. First, we note that the definition of the Lorentz coframe pE a q µ implies the existence of the dual Lorentz frame pθ a q µ such that
Second, consider the Lorentz vector U a ; we can map it to a spacetime vector by using the Lorentz frame and coframe
Using (B.8), the Lie derivative of U a along the spacetime vector X µ becomes,
which is the Lie derivative of a scalar function. Again, the Lie derivative is blind to the Lorentz index, and sees U a as a set of four scalar functions [and pE a q µ as a set of four 1-forms]. This proves the formula in (2.8).
B.3 The dynamics of the bimetric Lorentz frame
In this subsection, we assume to know an expression for B t p and express the time derivatives of Λ s and R in terms of it. If the expression for B t p was known in general-it is known in spherical symmetry [5, 11? ] and in the most general β p1q -model [4, 19] -one could solve one momentum constraint for p on the spacelike hypersurface where the initial data are specified, and then integrate the evolution equation for p. In addition, as shown in subsection 4.1, B t p determines the relation between the conservation laws for the determinants of the conformal metrics in the bimetric cBSSN formalism.
Following [5] , given an arbitrary p and a freely specifiable spatial vielbein m o for the spatial part ϕ of f , we can find another vielbein m of ϕ such that χ " e δΛ s m " χ . The new vielbein m is determined in the following way,
where R is the orthogonal transformation appearing in the polar decomposition of R o´1 , 5
Therefore, we can express B t R in terms of B t Λ s by using (B.10), and then express B t Λ s in terms of B t p via
This provides the evolution equations for R and Λ s in terms of B t p. Let's start with relating B t Λ s and B t p. A direct computation of the time derivative of (B.12) gives,
where we introduced the adjoint p 1 " p T δ of p, and used B t p 1 "`B t p˘1 and (2.6) with B # Ñ B t . We now express B t R o in terms of B t Λ s ,
where the time derivatives of e and m o only contain the time derivatives of the metric functions, and are then determined by the evolution equations for the metrics. At this point, we need to write B t R as a function of B t R o . The two linear operators are related by,
where
We take the time derivative and obtain,
which implies,
We now need to express
Concerning the polar decomposition of a matrix, we refer to [35, Sec. 2.5] .
This is a subcase of the Sylvester matrix equation
where X is the unknown matrix. 6 The Sylvester equation (B.19) has a unique solution for every C, if and only if A and´B have no common eigenvalues [37] . In our case [38] for a more extended treatment.
Vectorization vec r¨s is an isomorphism between C nˆm and C nm . It corresponds to taking the columns of a matrix and arranging them in order, within a column vector, e.g., . The Kronecker product of two matrices A P C mˆn and B P C pˆq is equal to,
The general solution of the Sylvester equation reads [37] ,
In our case it corresponds to, vec
Lastly, we express vec rB t pR o 1 R o qs in terms of vec rB t R o s. Using the facts that the time derivative commutes with vec r¨s, that vec rA T s " K vec rAs with K "commutation matrix" [38] , and using (B.21), one gets,
Hence, if we know B t p, we can evolve all the objects in the bimetric decomposition. Indeed, the latter depend on R, Λ s , e, m o , whose dynamics depend on B t p and the evolution equations for the metrics. Ultimately, since B t p itself depends on the evolution of the dynamical variables, the dynamics of all the objects in the bimetric decomposition depends only on the evolution of the dynamical variables.
B.4 The relation between the determinants of the conformal metrics
In this appendix, we derive (4.2), (4.3) and (2.10). We start with (2.9), i.e., the formula in (4.3). The same steps lead from (2.9) to (2.10).
B.5 The mean gauges in spherical symmetry
In this Appendix we reduce to spherical symmetry the most relevant equations introduced in the main text. The computations were done with the Mathematica package bimEX [24] . The spherically symmetric ansatz with the metric g and f sharing the same Killing vector fields is [7] The metrics γ and ϕ share the background geometry, which is the spatial part of the flat metric in spherical coordinates, 
e 2φ s a˜B
We choose the flat metric in spherical polar coordinates as the background metric for the mean sector, so the Γ-driver gauge condition for the mean shift vector reads, 
